In the appendix to the book by F. F. Bonsal, Lectures on Some Fixed Point Theorems of Functional Analysis (Tata Institute, Bombay, 1962) a proof by Singbal of the SchauderTychonoff fixed point theorem, based on a locally convex variant of Schauder mapping method, is included. The aim of this note is to show that this method can be adapted to yield a proof of Kakutani fixed point theorem in the locally convex case. For the sake of completeness we include also the proof of Schauder-Tychonoff theorem based on this method. As applications, one proves a theorem of von Neumann and a minimax result in game theory.
Introduction
Let B n be the unit ball of the Euclidean space R n . Brouwer's fixed point theorem asserts that any continuous mapping f : B n → B n has a fixed point, that is, there exists x ∈ B n such that f (x) = x. The result holds for any nonempty convex bounded closed subset K of R n , or of any finite dimensional normed space (see [8, Theorems 18.9 and 18.9 ] ). Schauder [16] extended this result to the case when K is a convex compact subset of an arbitrary normed space X. Using some special functions, called Schauder mappings, the proof of Schauder's theorem can be reduced to Brouwer fixed point theorem (see. e.g. [8, page 197] or [12, page 180] ). A further extension of this theorem was given by Tychonoff [18] , who proved its validity when K is a compact convex subset of a Hausdorff locally convex space X. The proof given in the treatise of Dunford and Schwartz [4] is based on three lemmas and, with some minor modifications, the same proof appears in [5] and [9] . The extension of Schauder mapping method to locally convex case was given by Singbal who used it to prove the Schauder-Tychonoff theorem. This proof is included as an appendix to Bonsal's book [3] (see also [17, page 33] ).
Kakutani [10] proved an extension of Brouwer's fixed point theorem to upper semicontinuous set-valued mappings defined on compact convex subsets of R n , which was 2 Fixed point theorems extended to Banach spaces by Bohnenblust and Karlin [2] , and to locally convex spaces by Glicksberg [7] . Nikaido [15] gave a new proof of Kakutani's theorem (in the case R n ) based on the method of Schauder's mappings. This proof is extended to Banach spaces in [11] .
The aim of this Note is to show that Schauder mapping method can be adapted to yield a proof of Kakutani fixed point theorem in locally convex spaces. For the sake of completeness we include also a proof of Schauder-Tychonoff theorem which is essentially Singbal's proof, with the difference that we use the fact that a net in a compact set admits a convergent subnet instead of the equivalent fact that it has a cluster point, as did Singbal.
A similar proof appears also in [1, page 61], but it is based on the existence of a partition of unity instead of the Schauder mapping.
A locally convex space is a topological vector space (X,τ) admitting a neighborhood basis at 0 formed by convex sets. It follows that every point in X admits a neighborhood basis formed of convex sets and there is a neighborhood basis at 0 formed by open convex symmetric sets. Let P be a family of seminorms on a vector space X and let Ᏺ(P) := {F ⊂ P : F nonempty and finite}. For F ∈ Ᏺ(P) and r > 0, let forms a neighborhood basis of a locally convex topology τ P on X. The family of sets
is also a neighborhood basis at x for τ P . If B is a convex symmetric absorbing subset of a vector space X, then the Minkowski functional p B :
is a seminorm on X and
If X is a topological vector space and B is an open convex symmetric neighborhood of 0, then the seminorm p B is continuous,
If Ꮾ is a neighborhood basis at 0 of a locally convex space (X,τ), formed by open convex symmetric neighborhoods of 0, then P = {p B : B ∈ Ꮾ} is a directed family of S. Cobzaş 3 seminorms generating the topology τ in the way described above. Therefore, there are two equivalent ways of defining a locally convex space-as a topological vector space (X,τ) such that 0 admits a neighborhood basis formed by convex sets, or as a pair (X,P) where P is a family of seminorms on X generating a locally convex topology on X. We consider only real vector spaces.
A directed set is a partially ordered set (I,≤) such that for every i 1 ,i 2 ∈ I there exists i ∈ I with i ≥ i 1 , and i ≥ i 2 . A net in a set Z is a mapping ψ : I → Z. If (J,≤) is another directed set and there exists a non-decreasing mapping γ : J → I such that for every i ∈ I there exists j ∈ J with γ( j) ≥ i, then we say that ψ • γ : J → Z is a subnet of the net ψ. One uses also the notation (z i : i ∈ I), where z i = ψ(i), to designate the net ψ and (z γ( j) : j ∈ J) for a subnet. It is known that a subset K of a topological space T is compact if and only if every net in K admits a subnet converging to an element of K (see [6] ).
If Ꮾ(x) is a neighborhood basis of a point x of a topological space (X,τ), then it becomes a directed set with respect to the order
) is a net in X. We denote by ᐂ(x) the family of all neighborhoods of a point x ∈ X, and by cl(Z) the closure of a subset Z of X.
We will use the following facts. 
(2.1)
The mapping ϕ p, is called the Schauder mapping. 
The mapping ϕ is continuous on C and
Proof. (a) The continuity of g i follows from the continuity of p and the equality
The continuity of w is obvious. Since for every x ∈ C there exists j ∈ {1, 2,...,n} such that
(c) Follows from (a) and (b).
(d) By (b) and (c) the functions w i are well defined and continuous, and ϕ(x) ∈ C for every x ∈ C, as a convex combination of the elements z 1 ,...,z n ∈ C. To prove inequality (2.3) observe that, for
Remark 2.2. It follows that for every x ∈ C, ϕ(x) is a convex combination of the elements z 1 ,...,z n , so that ϕ is a mapping from the set C to co{z 1 ,...,z n }.
Now we can state and prove Schauder-Tychonoff theorem.
S. Cobzaş 5 Theorem 2.3. If C is a convex compact subset of a Hausdorff locally convex space (X,τ), then any continuous mapping f : C → C has a fixed point in C.
Proof. Let Ꮾ be a basis of 0-neighborhoods formed by open convex symmetric subsets of X. The Minkowski functional p B corresponding to a set B ∈ Ꮾ is a continuous seminorm on X and
By the compactness of the set C there exist z 
Using again the compactness of the set C, the net (x B : B ∈ Ꮾ) admits a subnet (x γ(α) : α ∈ Λ) converging to an element x ∈ C. Here Λ is a directed set and γ : Λ → Ꮾ the nondecreasing mapping defining the subnet. We show that x is a fixed point of f , that is f (x) = x. Since the topology of the space X is separated Hausdorff this is equivalent to
For V ∈ ᐂ(0) let B ∈ Ꮾ be such that B + B ⊂ V . By the definition of the subnet there
(2.8)
Passing to limit for α ≥ α 0 and taking into account the continuity of f , one obtains
that is, (2.7) holds.
Let (X,P) be a locally convex space. A subset Z of X is called bounded if sup p(Z) < ∞ for every p ∈ P. The space X is called quasi-complete if every closed bounded subset of X is complete. In a quasi-complete locally convex space the closed convex hull of a compact set is compact (see [13, Section 20.6 
(3)]).
The following result is a variant of the Schauder-Tychonoff fixed point theorem (see [8, Theorem 18.10 ] for the Banach space case). In [9] and [14] one proves first this variant of Schauder's fixed point theorem in the Banach space case, by using uniform approximations of completely continuous nonlinear operators by operators with finite range. According to [14] , an operator is called completely continuous if it is continuous 6 Fixed point theorems and sends bounded sets onto relatively compact sets. Obviously that the operator f in the next theorem is completely continuous. Proof. The closed convex hull K = cl-co f (C) of the set f (C) is a compact convex subset of C. Since f (K) ⊂ f (C) ⊂ K, then, by Theorem 2.3, the mapping f has a fixed point in K.
The technique of Schauder mappings can be used to prove the Kakutani fixed point theorem for set-valued mappings in the locally convex case.
By a set-valued mapping between two sets X, Y we understand a mapping F :
For proofs of the following proposition in the case X = R n and Y = R m or in the case of normed spaces X, Y , see [15] and [11] , respectively. In the case when X, Y are topological spaces, one can proceed similarly, by working with nets instead of sequences. For the sake of completeness we include the proof, but first recall some facts about separation properties in topological spaces (see [6, Chapter VI, Section 1]). A topological space X is called T 1 provided for every x ∈ X the set {x} is closed in X, and T 2 , or Hausdorff, if any two distinct points in X have disjoint neighborhoods. If X, Y are topological spaces, Y is Hausdorff and f ,g : X → Y are continuous, then the set {x ∈ X : f (x) = g(x)} is closed in X. A topological space X is called regular if it is T 1 and for any x ∈ X and any closed subset A ⊂ X not containing x, there exist two disjoint open sets G 1 , G 2 ⊂ X such that x ∈ G 1 and A ⊂ G 2 . This is equivalent to the fact that every point in X has a neighborhood basis formed of closed sets. It is obvious that a Hausdorff locally convex space is regular. 
By the definition of U, F(U) ⊂ V , so it suffices to show that the set U is open or, equivalently, that the set W := X \ U is closed.
Suppose that there exists a net x i ∈ W, i ∈ I, that converges to an element x ∈ U. By the definition (2.10) of the set U, for every i ∈ I there exists y i ∈ F(x i ) \ V . By the compactness of the space Y , the net (y i ) contains a subnet (y γ( j) : j ∈ J) converging to an element y ∈ Y . We have x γ( j) → x, y γ( j) ∈ F(x γ( j) ) and y γ( j) → y, so that, by the closedness of F, y ∈ F(x). By the choice of the elements y i , the elements y γ( j) belong to the closed set Y \ V , as well as their limit y, implying
We can state and prove the Kakutani theorem in the locally convex case. An element x ∈ X is called a fixed point of a set-valued mapping F :
If F is singlevalued then we get the usual notion of fixed point. : α ∈ Λ), γ : Λ → Ꮾ, converging to an element x ∈ C. We show that x is a fixed point for F, that is, x ∈ F(x). Since F(x) is closed this is equivalent to
Let V ∈ ᐂ(0) and let B ∈ Ꮾ such that B + B ⊂ V . Since the set F(x) + B is open and contains F(x), by the upper semi-continuity of the mapping F there exists U ∈ Ꮾ such that 17) so that
for every α ≥ α 0 . Taking into account (2.14) it follows
..,n(γ(α)), so that it belongs to the convex set F(x) + B for all α ≥ α 0 . Consequently
showing that (2.13) holds.
Applications
In this section we will give some applications of Kakutani's fixed point theorem to game theory. First we show that Kakutani's theorem has as consequence a result of J. von Neumann [19] (see also [15] ). Proof. Define the set-valued mapping F :
If we show that F satisfies the hypotheses of Kakutani fixed point theorem, then there exists (
Consider the locally convex space ( By Proposition 2.5, if we show that F is with closed graph, then it will be usc and with closed image sets F(x, y) . Define the mappings ϕ,ψ : (
for (x, y,u,v) ∈ (A × B) 2 . Then ϕ and ψ are continuous and the sets
are closed. The equivalences 4) showing that G F is closed. The common value in (3.9) is called the value of the game, (x 0 , y 0 ) ∈ A × B a solution of the game and x 0 and y 0 winning strategies. It follows that to prove the existence of a solution of a game we have to prove equality (3.8) , that is, to prove a minimax theorem.
We will prove first a lemma. 10) are continuous too.
Proof. We will prove that ψ is continuous. The continuity of ϕ can be proved in a similar way. Let (y i : i ∈ I) be a net in B converging to y ∈ B. By the compactness of A there exists x i ∈ A such that ψ(y i ) = K(x i , y i ), i ∈ I. Using again the compactness of A, the net (x i ) contains a subnet (x γ( j) : j ∈ J), γ : J → I, converging to an element x ∈ A. Then, by the continuity of K,
, which is equivalent to the continuity of ψ at y. Indeed, if ψ would not be continuous at y, then it would exists > 0 such that for every V ∈ ᐂ(y) there exists y V ∈ V with |ψ(
follows that the net (y V : V ∈ ᐂ(y)) converges to y and no subnet of (ψ(y V ) : V ∈ ᐂ(y)) converges to ψ(y).
The minimax result we will prove is the following. The proof is complete.
